The free energy of a dilute nonideal boson gas is obtained by replacing the interaction potential by the effective potential which is given by the s-wave scattering length. The calculation is made up to the second order of the scattering length and the equation to determine'the transition point is derived. It is shown that the interaction between the condensate and the excited bosons with non-zerO' momenta plays the essential role in the vici~ityof the transition pOInt. The condensate fraction and the entropy become continuous at the transition point in contrast with the theory of Lee and Yang and that of Luban. § 1. Introduction A number of papers have been published in order to investigate the phase transition of a nonideal boson gas in relation to the A-transition of liquid helium.
A number of papers have been published in order to investigate the phase transition of a nonideal boson gas in relation to the A-transition of liquid helium.
In particular~' Lee and Yang l ) considered the thermal properties of a dilute (i.e. a 3 p<1) boson gas of hard spheres at all' temperatures for which a/A<l, by making use of their theory of the pseudopotential,2) where a is the diameter of hard spheres, p is the number density of bosons and A is the thermal wave length.
They dealt with a model Hamiltonian which involves Bogoliubov's phonon energy3) and may be recognized as an extellsion of the Hartree-FockHamiltonian to afford us an exact information about the the~mal properties of the system at very low temperatures. In the vicinity of the transition point· for which apA 2 <1, the thermodynamical quantities are determined not by the phonon-type spectrum but by the roton-type spectrum. As the temperature increases the occupation number of bosons degenerate to the single-particle state of zero momentum no decreases until the temperature reaches the transition temperature and the terms involved in the free energy characteristic of the phonon-type excitation almost disappear towards the transition point. This is the reason why the free energy obtained from the model Hamiltonian is not inuch ·different from that given by the HartreeFock Hamiltonian at least up to the terms of the first order 6f ((fora mod;enite tempetature; apIF~L Lee and, Yang pointed out that there' appears a discontinuity of' the occupation number lZo as the temperature decreases through the transition temperatuI'e.
The sudden increase of tzo is accompanied by a sudden unphysical drop of the pressure. We encounter a similar situation fin studying the Hartree-Fock theory (see Appendix A). At this stage ;of the problem we are left with the problem In particular~' Lee and Yang l ) considered the thermal properties of a dilute (i.e. a 3 p<1) boson gas of hard spheres at all' temperatures for which a/A<l, by making use of their theory of the pseudopotential,2) where a is the diameter of hard spheres, p is the number density of bosons and A is the thermal wave length.
The sudden increase of tzo is accompanied by a sudden unphysical drop of the pressure. We encounter a similar situation fin studying the Hartree-Fock theory (see Appendix A). At this stage ;of the problem we are left with the problem if the unphysical discontinuity appearing in their theory persists to appear even in the higher order approximation to take account of terms being higher order of a.
In order to investigate the higher order terms, we consider a new approach to the theory of the Bose-Einstein condensation of a nonideal boson gas by replacing a two-body interaction potential by an effective potential which can be expressed in terms of the s-wave scattering length 4 ) corresponding to the parameter a used in the theory of. Lee and Yang. We would calculate the exact expression for the free energy up to the second order of the scattering length denoted, hereafter, by a in this paper. This expression for the free energy involves interaction terms between the degenerate bosons, the so-called condensate and the excited bosons with· non-zero momenta.
We investigate the behavior of the free energy in the vicinity of the transition point, in particular, the second derivative of the free energy with respect to the condensate fraction x = no/ N where N is the total number of bosons. It can be shown that the second derivative becomes positive and the humber of degenerate bosons increases continuously as the temperature decreases through the transition temperature in contrast with the Hartree-Fock theory and the theory of Lee and Yang. Luban 5 ) considered the phase transition of a nonideal boson gas by dealing with the generalized pair Hamiltonian model, in' which the operators of the single-particle state of zero momentum are regarded as q-number quantities. He found that the condensate fraction becomes continuous at the transition point while the entropy exhibits a discontinuity and the transition is of first order. In this theory, the interaction between the condensate and the excited bosons is omitted, too.
The discontinuities of the condensate fraction, the pressure and the entropy appearing in the previous theories are eliminated in this paper. The discontinuities appear associated with the higher order derivatives of the free energy, for example the heat capacity, and the transition is of second order. This result will be given in a separate paper. In our theory the abovementioned interaction between the condensate and the excited bosol]s plays the essential role to prevent the sudden increase of the condensate fraction x and to keep the second derivative of the free energy to be positive near the transition point.
In § 2 we introduce the effective potential and the s-wave scattering length a for the given two-body interaction potential. In § 3 we obtain the expression for the free energy up to the second order of the scattering length a by using the expansion of the density matrix in the scheme of the interaction representation. In § 4 we discuss the phase transition and investigate the behavior of the free energy in the vicinity of the transition point. In particular, the equation to determine the transition temperature and the second order derivative of the free energy with respect to x will be obtained. In Appendix A, in order to elucidate the role of the interaction between the condenstate and the excited 1338 s. Kanno and T. Nishiyama if the unphysical discontinuity appearing in their theory persists to appear even in the higher order approximation to take account of terms being higher order of a.
In § 2 we introduce the effective potential and the s-wave scattering length a for the given two-body interaction potential. In § 3 we obtain the expression for the free energy up to the second order of the scattering length a by using the expansion of the density matrix in the scheme of the interaction representation. In § 4 we discuss the phase transition and investigate the behavior of the free energy in the vicinity of the transition point. In particular, the equation to determine the transition temperature and the second order derivative of the free energy with respect to x will be obtained. In Appendix A, in order to elucidate the role of the interaction between the condenstate and the excited bosons, we study the Hartree-Fock theory in comparison with the theory of Lee and Yang. In Appendix B, we point out the relationship of the effective potential introduced in § 2 to the scattering matrix.6) § 2. Effective potential
The total Hamiltonian of bosons with a t~o-body interaction potential V has the following familiar expression: (2 ·1) where Ck = k 2 j2M is the kinetic energy of the single boson with momentum k and M is the boson mass. The operators ak and ak+ are the annihilation and the creation operator of momentum k and Vk'l', kl is the fourier coefficient of the interaction potential VCr, r') given by
where ,Q is the volume of the box confining the bosons. Let us denote an· unperturbed wave function of the two-body problem by jkl) = ((lj2r/2,Q) {exp (ik· r + il· r') + exp (i1· r + ik· r')} and the corresponding perturbed wave function by jkl) for a pair of momenta k and I. Up to. first order in the potential V, the wave function j kl) can be expressed as
where the summation over the pairs of momenta k' and I' does not include the pair of momenta k and I and the factor t before the summation comes from the symmetrization of the unperturbed wave function. The matrix element (k'I/j Vjkl) is related to the fourier coefficient Vk'l'kl by (2·4)
By using the two-body wave function given approximately by the expression (2·3), we define a matrix element of the effective potential (k'I'j Wjkl) by
We consider in this paper a dilute boson gas for which the s-wave scattering plays a principal role and the matrix elements of the effective potential may be regarded as independent of momenta and expressed by 
We consider in this paper a dilute boson gas for which the s-wave scattering plays a principal role and the matrix elements of the effective potential may be regarded as independent of momenta and expressed by In this section we should evaluate the free energy up to the second order of the scattering length a. The partition function of a boson gas can be evaluated by keeping the occupation number of the zero-momentum state no or the condensate fraction x to a constant value.7) The partition function is obtained by taking the .trace of the density matrix with respect to the occupation number and given by
where {3 is the .inverse temperature and {n'} stands for a set of the eigenstates of the occupati'on numbers of the momentum states exclusive of the zero-momentum state. The summation ~' implies that the sum over the sets {n'} is carried out by keeping no to a constant value. In the double summation of (3 ·1) we may dispense with the sum over no by replacing it by the largest possible value of the first sum denot~d by z (,3, no) where no is a value of no at which the first
takes on the largest value. The free energy F({3) IS given by
under the condition
Hereafter we write no 111 place of no as long as no confusion occurs.
Before evaluating the free energy we should divide the interaction energy into the diagonal part Y n and the nondiagonal part Y Nwith respect to the occupation number. We shall deal with this nondiagonal part Y N by the method of expansion of the density matrix in the interaction representation. For a central force the interaction energy may be written as 1340
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where a stands for the s-wave scattering length becomes the diameter of hard spheres in the case of hard sphere gases. In this case the two-body problem can be solved exactly and the effective potential can be defined by using the exact wave function instead of the first order perturbed wave function (2·3) in Eq. (2·5). This effective potential resembles the scatte~ing matrix. The more exact relationship between Y and TV "yill be given in Appendix B. Up to the terms of the second order of the scattering length, it is sufficient to apply Eq. (2·6) in place of the exa~t expreSSIOn. § 3. Second order free energy
In this section we should evaluate the free energy up to the second order of the scattering length a. The partition function of a boson gas can be evaluated by keeping the occupation number of the zero-momentum state no or the condensate fraction x to a constant value.7) The partition function is obtained by taking the .trace of the density matrix with respect to the occupation number and given by
Before evaluating the free energy we should divide the interaction energy into the diagonal part Y n and the nondiagonal part Y Nwith respect to the occupation number. We shall deal with this nondiagonal part Y N by the method of expansion of the density matrix in the interaction representation. For a central force the interaction energy may be written as (3·5) (3·6) where Nk = ak + ak'
By the aids of Eqs. (B ·10) and (B ·11) the diagonal part Vn splits up into the first order term Vm and the second order term V m as £ol1o\vs:
( 3· 8) ( 3· 9) whel-e the sum :E' implies that the zero-momentum state is omitted and we have neglected those terms of order 1/ N compared with the other terms. For example, lVoN and 1Vo:E1 Nk2 have been neglected. Throughout this paper we consider that no condensation occurs except for the zero-momentum state. In order to obtain the diagonal part of the density matrix we should apply the following scheme of the expansion:
where
The diagonal. part of the third term of D ({3) denoted by Dd2 is easily shown to turn out to be
where the fourth order terms of the occupation number such as Nk+qNl-qNkNl have vanished owing to the antisymmetry of the energy denominators. The first
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where Nk = ak + ak' By the aids of Eqs. (B ·10) and (B ·11) the diagonal part Vn splits up into the first order term Vm and the second order term V m as £ol1o\vs:
where the fourth order terms of the occupation number such as Nk+qNl-qNkNl have vanished owing to the antisymmetry of the energy denominators. The first term of (3· 15) of the second order of the interaction potential just cancels the diagonal peut of the second term of D ({3) . Both VI and V 2 are also of the second order of the interaction potential and composed of those terms involving factors like V p V q which have been replaced by lVo2. These terms are recognized as the second order correction terms to the Hartree-Fock energy. VI depends upon the particle number of the condensed particles while V 2 is independent of it.
On taking the trace of these diagonal quantities by keeping no to a constant value, we apply the method of generating function on analogy with 'the method to derive the grand partition function. The generating function is obtained by multiplying a diagonal operator of the form
from the left-hand side of (3 ·10) . We may separate those terms in Ho which do not depend upon the occupation number Nk (k=l=O) explicitly. After the trace is performed the parameter ~ is determined so that the average value of ~'Nk becomes equal to N -no, namely (3 ·19) where nk IS the average value of Nk given by
The trace of the density matrix Z ({3, ~) corresponding to the grand partition function is expressed by
where Trl implies that the trace is taken with respect to the sets of eigenstates of the occupation numbers denoted by {n'} and the averaged quantity <A) is defined by (3·22) and ZI({3, n is the 'partition function of the ideal bosons. The averaged quantities < VI) and < V 2) become
where }.=(2ne/MY/2 is the thermal wave length and 1342 s. Kanno and T. Nishiyama term of (3· 15) of the second order of the interaction potential just cancels the diagonal peut of the second term of D ({3) . Both VI and V 2 are also of the second order of the interaction potential and composed of those terms involving factors like V p V q which have been replaced by lVo2. These terms are recognized as the second order correction terms to the Hartree-Fock energy. VI depends upon the particle number of the condensed particles while V 2 is independent of it.
where }.=(2ne/MY/2 is the thermal wave length and co en
4( ( ix+y'
where we have replaced lVo by 4na/ MQ and n Cx;
The free energy F((3, f) or the free energy per particle measured by the thermal energy;
where III( (3, 
The constant terms involved in (3·30) and (3·31) do not affect the following calculation and we are allowed to ignore these terms. We shall confine ourselves to the region of temperatures near the transition point in which ap).2 becomes much smaller than unity and the above expressions for these functions are useful.
. § 4. Transition point and derivatives of free energy
As in the case with the Hartree-Fock approximation the condensate fraction
x and the-parameter f, the Lagrangian multiplier are determined from the equations (4 ·1) 
The free energy F((3, f) or the free energy per particle measured by the thermal energy; I((3,~) = (3F((3, ~) /N is given by
*) The secorid derivative of fa (~, x) with respect to x for small values of ~ becomes negative: (~) and J2 (~). In other words, the .interaction between the condensate and the excited bosons which are represented by the functions 11 (~) and 12 cn plays an essential role near the transition point, while in the previous theories this ·sort of interaction is completely absent or, at most, only partly involved. By differentiating Eq. (4 ·1) with respect to x, we can rewrite the second order derivative of the free energy in the form (4·3)
If this second derivative is positive at x = 0, it is expected that (i) this point gives a minimum ol the free energy if dl/ dx = 0, (ii) the free energy has a local minimum at this point if df/dx> ° and (iii) the free energy takes on a minimum value at some positive value of x if di/ dx<O. It will be shown that the second derivative becomes positive at this point if a/A and I log ~ 1-1 are much smaller than unity. In the vicinity of the transition point, if a/ A<), I log ~I becomes much larger than unity. In order to investigate the behavior of the free energy near the transition point, we should. express Eqs. (4 ·1) and (4·2) in the following explicit forms:
*) The secorid derivative of fa (~, x) with respect to x for small values of ~ becomes negative:
(d Z foldx 2 ) = -2apA 2 + P)..3/g1l2 (~) = -2ap).2+ p).3 (~/7C)
112<0. This point was overlooked by Huang. 7 ) and (4·5)
We shall confine ourselves to the region of small values of ~ and x and use the expressions for fl and f2 given by (3·30) and (3·31). In this region, along a curve in the ~-x plane given by (4·4), the condensate fraction x is an increasing function of~. It can be seen from (4·5) that (df/dx);;;=o becomes positive on the ~-axis if ~ is larger than a critical value ~ c determined by
This corresponds to the second case (ii) mentioned in the above and a local minimum of the free energy is on the ~-axis. If ~=~e, (df/dx);;;=o=O. We consider that this point (~e, 0) represents the transition point. As the temperature decreases the condensation starts from this point. This corresponds to the first case (i). We shall investigate this case sonlething more in detail. From (4·4), at this point, we obtain The third case (iii) corresponds to the following case that the thermal wave length becomes larger than Ac and the value of ~ becomes larger than ~ e. In this case the minimum of the free energy 
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This corresponds to the second case (ii) mentioned in the above and a local minimum of the free energy is on the ~-axis.
If ~=~e, (df/dx);;;=o=O. We consider that this point (~e, 0) represents the transition point. As the temperature decreases the condensation starts from this point. This corresponds to the first case (i). We shall investigate this case sonlething more in detail. From (4·4), at this point, we obtain The third case (iii) corresponds to the following case that the thermal wave length becomes larger than Ac and the value of ~ becomes larger than ~ e. In this case the minimum of the free energy does not appear on the ';-axis but at some point (.;, x); .;>.;c, x>O which is determined by (4·4) and (4·5). These above three cases are illustrated in Fig.  1 as schematic graphs.
We are left with the problem to show explicitly that the second derivative of the free energy becomes positive at the transition point. We can answer this problem in the affirmative by inserting the following expressions of the partial derivatives into Eq. (4·3) as follows: Although the details of the behaviors of the thermodynamical quantities will be given in a separate paper,8) we should show here briefly that the entropy is continuous at the transition point. Using (4 ·1) and (4·2), the entropy is expressed by
which is continuous at the transition point. The discontinuity appears in the heat capacity and in the higher order derivatives of the free energy. § 5. Discussion
We have considered a very dilute boson gas such as a3p~1 and a/)'~1 and confined ourselves to the problem at a moderate temperature such as ap).2~1. At very low temperatures or at high temperatures, either the value of x or that of ~, being compatible with Eqs. (4·1) and (4·2), may takes on a large value 1346 S. Kanno and T. Nishiyama does not appear on the ';-axis but at some point (.;, x); .;>.;c, x>O which is determined by (4·4) and (4·5). These above three cases are illustrated in Fig.  1 as schematic graphs.
We have considered a very dilute boson gas such as a3p~1 and a/)'~1 and confined ourselves to the problem at a moderate temperature such as ap).2~1. At very low temperatures or at high temperatures, either the value of x or that of ~, being compatible with Eqs. (4·1) and (4·2), may takes on a large value which lies outside the region of the values considered in this paper. Even for these large values the free energy remains to be a well-behaving function and continuous together with its derivatives except for those small values of ~ whose orders of magnitude are higher than a/A. From Eqs. (4·3), (4·4) and (4·5), it can be shown that the second derivative of the free energy remains positive even for a large value of x, if I log ~I-l is sufficiently smaller than unity.8)
At very low temperatures, for which x approaches to unity, the phonon excitation plays the principal role. In the low temperature limit, by using the effective potential given in Appendix B, vve can obtain an expression compatible with that of Lee and Yang. 8 ),*)
For the intermediate region of temperatures far apart from both the transition temperature and the absolute zero temperature the problem becomes much complicated. So far as the transition point is concerned, we may confine ourselves to the region of small values of ~ and x and the essential feature of the transition is exhausted by considering such a region of these values. As discussed in this paper, by taking account of the interaction of the condensate and the excited bosons, the discontinuity of x appearing in the Hartree-F ock theory and the model theory of Lee and Yang has been eliminated. In this respect, a significant improvement of the previous theories has been achieved. It can be shown that the pressure is continuous but exhibits a kink at the transition point. The entropy is continuous but the specific heat exhibits a gap characteristic of the A-transition. These results vvill be published in a separate paper.8)
As we have considered a very dilute gas with only the s-wave scattering length, the present theory does not directly apply to liquid helium. The transition temperature of liquid helium is about two thirds of the transition temperature of the ideal boson gas with the same mass and density, T I . Luban obtained a transition temperature lower than TI by dealing with the generalized pair Hamiltonian model. In this theory the interaction between the condensate and the excited particles is ignored as in the case with the Lee-Yang model (see Appendix A). This sort of interaction should be involved in any cases of two-body interactions between particles studied extensively in statistical mechanics.
The value of the transition temperature is sensitive to the detailed form of the interaction potential. The value obtained here from (4 ·10) is slightly larger than the transition temperature of the ideal boson system TI by an amount of the order of (a/ AY It is beyond the scope of the present theory to determine under what condition the transition temperature of a nonideal boson gas lies a bove or below T I .
Finally we should remark that we have solely neglected the collective motion of the system as a whole. It is our standpoint that the essential feature of *) By piling up the most divergent terms we obtain Bogoliubov'sfrequency (A·2). The lowest divergent term is shown by the first term of (3, 16) or the third term of (A· 3). it can be shown that the second derivative of the free energy remains positive even for a large value of x, if I log ~I-l is sufficiently smaller than unity.8)
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Finally we should remark that we have solely neglected the collective motion of the system as a whole. It is our standpoint that the essential feature of *) By piling up the most divergent terms we obtain Bogoliubov'sfrequency (A·2). The lowest divergent term is shown by the first term of (3, 16) or the third term of (A· 3). the phase transItIOn is determined not by the collective motion but by the individual-particle motion. The study of the collective motion will become important in the investigation of the transport phenomena near the transition point.
The Hartree-Fock theory and the model theory of Lee and Yang
By' dealing with a model Hamiltonian, Lee and Yang pointed out that there appears a discontinuity of the condensate fraction ""t which is the counterpart of our parameter x. At a certain temperature ""t has a finite value of order a/ J, on the degenerate side, while it vanishes on the gaseous side. This discontinuity of ""t ieads to a sudden unphysical drop of the pressure. In the following we would show that so far as the phase transition is concerned, this model theory is not much different from the Hartree-Fock theory. Indeed, it is not surprising that there appears a discontinuity of ""t in this model because we' encounter a more or less similar situation in the Hartree-Fock theory and in both two theories the main part of the interaction between the condensate and the excited bosons with non-zero momenta is discarded. As mentioned in § 4, it is this main part of the interaction that affects the behaviors of thermodynamic functions in the vicinity of the transition point by a considerable amount.
The model Hamitonian applied by Lee and Yang is expressed in our notation as
where (i)k IS the Bogoliubov frequency given by
By usmg this Hamiltonian they calculated the free energy up to the first order of the parameter a for a moderate temperature such as apA2~1. By expanding the expression (A· 2) up to the second order of a, the Hamiltonian reads
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the phase transItIOn is determined not by the collective motion but by the individual-particle motion. The study of the collective motion will become important in the investigation of the transport phenomena near the transition point.
The last term in (A· 3) is the only term of second order of a. This term gives rise to the first term in the expression for f' (~, x) given by (3·29), and the first term plays a rather minor role compared with the other two terms of f' (~, x) given by fl (~) and /2 (~) which are missed in this model. From the first two terms of (A· 3) we obtain the Hartree-Fock free energy in the form
The equations corresponding to (4 ·1) and (4·2) become
At sufficiently high temperatures the derivative dfal dx is always positive and fa becomes a monotonic function of X along a curve in the ~-x plane given by (A· 5) (see Fig. 2 curve (a) and Fig. 3 ). The free energy is given by the local minimum ma on the ~-axis. As the temperature decreases there appears a stationary point given by dfoldx=O at,a point (~, x) denoted by m (see Fig. 2 curve (b) and Fig. 3 ).. In this case the free energy corresponding to a minimum fa (~m' x m ) is larger than that for the local minimum fa (~mo' 0). The free energy is again given by the local minimum. As the temperature decreases further and further, the value of free energy approaches close to the value for the local minimum. This case is illustrated in Fig. 2 curve (c) and Fig. 3 . If there is a solution of Eqs. (A ·1) and (A· 2) for the case that the free energy for the local minimum fa (~c, 0) becomes equal to that for a minimum fa (~m' x m ), the condensate fraction x exhibits a discontinuous jump at this temterature. In obtaining such a transition point \ve use the expansion of the g-ftinctions gIVen by The last term in (A· 3) is the only term of second order of a. This term gives rise to the first term in the expression for f' (~, x) given by (3·29), and the first term plays a rather minor role compared with the other two terms of f' (~, x) given by fl (~) and /2 (~) which are missed in this model. From the first two terms of (A· 3) we obtain the Hartree-Fock free energy in the form
At sufficiently high temperatures the derivative dfal dx is always positive and fa becomes a monotonic function of X along a curve in the ~-x plane given by (A· 5) (see Fig. 2 curve (a) and Fig. 3 ). The free energy is given by the local minimum ma on the ~-axis. As the temperature decreases there appears a stationary point given by dfoldx=O at,a point (~, x) denoted by m (see Fig. 2 curve (b) and Fig. 3 ).. In this case the free energy corresponding to a minimum fa (~m' x m ) is larger than that for the local minimum fa (~mo' 0). The free energy is again given by the local minimum. As the temperature decreases further and further, the value of free energy approaches close to the value for the local minimum. This case is illustrated in Fig. 2 curve (c) and Fig. 3 . If there is a solution of Eqs. (A ·1) and (A· 2) for the case that the free energy for the local minimum fa (~c, 0) becomes equal to that for a minimum fa (~m' x m ), the condensate fraction x exhibits a discontinuous jump at this temterature. In obtaining such a transition point \ve use the expansion of the g-ftinctions gIVen by 
From (A· 11) the transition temperature THe is given by
At the temperatures ~ower than THe the free energy is always gIven by a minimum point which corresponds to the condensed phase. The condensate fraction increases continuously from this point. These results are not much different from those of Lee The contribution from this term is estimated to be as large as of the order of (al A)2; therefore this term could not affect their result up to the first order of alA. Any way, from our point of view, by dealing with their model Hamiltonian or the pair Hamiltonian model of Luban, no significant improvement of the Hartree-Fock theory can be achieved. The above method is applicable to a more general problem of an arbitrary interaction potential, although the solution would be much complicated. Even for such a general case, one should take account. of the abovementioned condition for the free energy, fa (';0, 0) = fa (c;, x) together with the two equations corresponding to (A· 5) and (A· 6), otherwise one would be led to a fictitious transition point. **) *) For example, the value corresponding to (A·9) given by them is 4.23a/~. **) Since Luban ignored this condition in one of his papers,9) the transition point given by him might correspond to a minimum of the free energy, but not to the real transition point.
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S. Kanno and T. Nishiyama (A·7) and (4·8). By solving Eqs. (A ·1) and (A· 2) together with the condition fa (';0, 0) = fa (,;, x) simultaneously for the variables ,;, x and J, where J is the parameter introduced in § 4. It is expected that this transition will occur at a temperature higher than Tb the transition temperature of the ideal bosons; therefore we assume that J is negative. After some simple algebraic manipulations we obtain the equation for The contribution from this term is estimated to be as large as of the order of (al A)2; therefore this term could not affect their result up to the first order of alA. Any way, from our point of view, by dealing with their model Hamiltonian or the pair Hamiltonian model of Luban, no significant improvement of the Hartree-Fock theory can be achieved. The above method is applicable to a more general problem of an arbitrary interaction potential, although the solution would be much complicated. Even for such a general case, one should take account. of the abovementioned condition for the free energy, fa (';0, 0) = fa (c;, x) together with the two equations corresponding to (A· 5) and (A· 6), otherwise one would be led to a fictitious transition point. **) *) For example, the value corresponding to (A·9) given by them is 4.23a/~. **) Since Luban ignored this condition in one of his papers,9) the transition point given by him might correspond to a minimum of the free energy, but not to the real transition point.
where A * implies the complex conjugate of A.
In order to gain a great familiarity with the Hartree-Fock theory we express the interaction potential for a central force The effective potential 1V is an asymmetric quantity. In this paper we have ignored the effect of this kind of asymmetry by considering that this effect contributes only to the higher order terms than the second order of the parameter a. Indeed, for the system of hard spheres the asymmetry of the matrix elements IS explicitly shown bylO) (0,01 liV Ik, -k) =t~.
(B ·12)
Thus the asymmetry affects only the terms of the third order of the parameter a. Sawada considered an expansion of a repulsive potential in terms of the two-body scattering length at zero energy and a parameter associated with the " sha pe" of the potential. Up to the second order term, the result is 'not changed by introducing the "shape" of the potential, becau'se its effect is of higher order of the scattering length.
